Entropy is necessary and sufficient to characterize the order of work content for equal energetic (EE) states in the asymptotic limit. However, for the finite quantum systems, the relation is not so linear and requires detail investigation. Toward this, we have considered a resource theoretic framework taking the energy preserving operations (EPO) as free, to compare the amount of extractable work from two different quantum states under a thermodynamic process. For EPO, majorization becomes a necessary and sufficient criterion for state transformation. So ergotropy (work extraction from a closed system by unitary), min free energy F 0 (single shot work extraction in the presence of bath) and entropy, all become independent monotones under this process. For the EE states which are not connected by any EPO (i.e., not majorized) the order between work and entropy breaks down unlike in the asymptotic limit. In this framework, any state following Gibbsian distribution for β ∈ [−∞, ∞] can be taken as a free state having maximum entropy and zero ergotropy. Work extraction from a closed system under unitary leads to the passive state from where no further work can be extracted. We have shown that the passive state energy is a concave function and for EE states it becomes proportional to the ergotropy in absolute sense. Invariance of the passive state energy under unitary action on the given state makes it an entanglement measure for the pure bipartite states. Due to the non additivity of passive state energy for the different system Hamiltonians, one can generate Vidal s monotones which would give the optimal probability for pure entangled state transformation. This measure also quantifies the ergotropic gap which is employed to distinguish some specific classes of three-qubit pure entangled states .
from a thermodynamic system in a cyclic process. Generally, work is quantified by the free energy F = U − T S, where U, S, T are respectively the internal energy, entropy and the corresponding bath temperature [1] . Comparing states on the basis of work extraction through a bath assisted thermodynamical process is completely equivalent with the free energy comparison and this feature is also exhibited by quantum systems in the asymptotic limit [2, 3] . Considering work extraction from closed systems, if we make this comparison only between equal energetic (EE) states, then it solely depends on their entropy. The higher entropic states have less work content and vice versa [4, 5] . Axiomatic thermodynamics says that A → B transformation is possible adiabatically, if and only if S(A) ≤ S(B) [6] . The thermodynamical process also induces an order in the extractable work i.e., W (A) ≥ W (B). But for the finite quantum systems, since all the axioms are not satisfied there exist states which are not inter convertible adiabatically [7, 8, 9] . The same problem has been encountered independently in several other resource theoretic frameworks [10, 11, 12, 13, 14] . As an example there exist bipartite pure entangled states which are not comparable with each other by any Local operation and classical communication (LOCC) process [15, 16] . In the asymptotic limit this convertibility directed by the marginal entropy of the given states [17, 14] , whereas in the finite copy, convertibility would hold only when there exists majorization criterion among the marginals. This leads to the existence of many independent monotones simultaneously, that converge to the entropy in the asymptotic limit.
In the thermodynamic limit, there exists a reversible isothermal process for an ideal gas whose internal energy U (T ) = 3 2 RT remains constant. Under this process, the system moves towards the higher entropic states and after a certain time it is in equilibrium with the surroundings, thereby reaching the Gibb's state (same energy but maximum entropy). In this article, we have shown that such a process exists for a finite system also, which induces a hierarchy for work extraction among the EE states. This process is the energy preserving process (EPO). The majorization criterion completely characterizes the state transformation under EPO. Furthermore, we have shown that if the conversion(both-way) between two EE states is not always possible by an EP O in finite quantum scenario, then this makes the order in entropy and work totally independent. This means that the order on entropy does not induce an order on work and vice versa i.e., S(A) > S(B) W (A) < W (B). We call such a situation as independence of entropy and work. In [4] an example has been provided where for two EE states not satisfying majorization, the order on entropy does not induce an order on the maximum extractable work (ergotropy) in a closed system. Here, we consider resource theoretic approach where the majorization becomes the necessary and sufficient criterion for state convertibility under any (EP O). The equivalence relation between the order of entropy and the order of work exists for states which obey majorization. In this article we have shown that entropy and ergotropy become independent monotones under the EP O. This implies that entropy is neither necessary nor sufficient condition for extractable work from a closed system. Single shot work extraction [18, 11] from a state ρ under a fixed temperature bath is defined as W S = 1 β D min (ρ ω τ β ) (ρ ω is dephased ρ in energy basis), which is another independent monotone. For a given state ρ, the lowest energetic state with the same spectrum is called passive state, represented by ρ p . We have shown that just like the entropy, passive state energy also is a concave function. For the EE states, ergotropy and passive state energy become proportional (in the absolute sense). On the other hand, it has been shown that any concave function which remains invariant under unitary can be a monotone under LOCC [19] . Entropy is a good measure of entanglement for pure bipartite states since it gives the rate of distillation under LOCC in the asymptotic limit. Due to its additivity property it is not able to provide optimal probability of state transformation for the finite copies. In this paper, we have established the passive state energy of the marginals as an entanglement monotone which is by nature a nonadditive quantity. It quantifies the collaborative advantage in work extraction: suppose Alice and Bob shared a pure entangled state where they can act a suitable unitary jointly or locally to extract maximum work. It is obvious that one can get more work due to the joint unitary action. This extra gain is the collaborative advantage and is called ergotropic gap [20, 21] . From this perspective, we can call passive state energy as a thermodynamic measure of entanglement. In addition, it generates Vidal's entanglement monotones under different system Hamiltonians [16] and gives the optimal rate in finite copy state transformation due to it's non additive nature. A convex hull representation is given for the mixed entangled states which makes it a faithful measure and eventually non-monogamous [22] .
In our study, we have shown that passive energy is equal with the ergotropic gap up to some proportional factor, so we can consider it as an equivalent measure of entanglement. For 2 × 2 × 2 systems we have shown that entanglement between any cut A|BC is equal to the sum of the ergotropic gap of AB and AC and can be extended for higher dimension to give an upper bound on the entanglement in a particular partition. Furthermore, unlike GHZ, for W class of states help from the third party (C) is not necessary to get collaborative advantage and entanglement of A|BC is captured by A|B only. We further use this thermodynamic measure to classify some tripartite pure entangled states.
Through out this article, the spectrum of any given state has been taken in nonincreasing order, whereas energy eigenvalues for the Hamiltonian are taken in nondecreasing order.
Framework

Work Extraction from a closed system
In standard thermodynamics, an adiabatic process is one in which there is no exchange of heat or particles between the systems and the surroundings, but some external work can be done on/by the system. This work is only due to the change in internal energy U i.e., ∆W = −∆U . Under this process, the system can be transformed either in a reversible or irreversible manner, preserving the entropy in the first case while increasing the coarse grained entropy in the second. The standard question is what is the maximum extractable work from a given system through a reversible adiabatic process? It is wellknown that the system (A) would evolve to the constant entropic Gibb's state(G) and the corresponding internal energy difference is the maximum extractable work, given by
In a finite closed quantum system, the authors in [4] have discussed an equivalent scheme of reversible adiabatic process, where the system is governed by arbitrary unitaries, which implies that not only entropy but rather the whole spectrum remains unchanged. To produce arbitrary unitary action on the given quantum system ρ = d i=0 p i |i i|, an external potential V (t) is activated for a certain time so that the system evolves to ρ(t) = U (t)ρ(0)U † (t). If the governing Hamiltonian is H S = d−1 i=0 i | i i |, then the acting unitary on the system under the potential
where −→ exp is the time order. For maximal work extraction, ρ must evolve unitarily to the lowest energetic state having the same spectrum and consequently same entropy. This lowest energetic state is called passive state, from where no work can be extracted by allowing any kind of external potential. This can be defined as [23, 24] . The maximum amount of extractable work is called ergotropy defined by W e (ρ) = T r(ρH S )− min U (t) {U (t)ρU † (t)H S } = T r(ρH S )−T r(ρ p H S ). From the definition, there always exist an equal entropic but lowest energetic state called Gibb's state, defined by τ β = e −βH S Z , (where Z = i exp(−β i ) is the partition function) which may not be always achievable from the initial state ρ by a unitary action since their spectrum are not same. In the asymptotic limit it has been shown that ρ ⊗n → τ ⊗n β (n → ∞) transformation is possible unitarily and maximum extractable work on an average becomes equal to the thermodynamic work W th = T r(ρH S ) − T r(τ β H S ) = E(ρ) − T S(ρ) + T lnZ. This sets an upper limit on the ergotropic work W e [5] . The whole picture can be visualized by the simple energy-entropy diagram 1 [26, 27] .
Below we make a comparison of maximum extractable work (ergotropy) from two closed systems on the basis of their given information.
(i) States with unequal internal energy and entropy: If ρ σ and T r(ρH s ) ≥ T r(σH s ) then it implies W e (ρ) ≥ W e (σ), otherwise we need to have the complete information [28] about the states in order to make an appropriate comment about the maximum extractable work.
(ii) States with unequal internal energy but same entropy: According to standard thermodynamics, equal entropic higher energetic states always have more free energy and so give more work. But in the finite limit, closed systems change unitarily and comparison is not possible unless they have the same spectrum. In such special cases, transformation from higher to lower energetic state gives positive work.
(iii) States having equal internal energy but different entropy: Although in the thermodynamic limit, lower entropy provides higher work but in the finite quantum systems entropy cannot tell us anything about the ergotropy. A sufficient criterion for ergotropy, i.e; if ρ σ then W e (ρ) ≥ W e (σ) has been given in [4] .
In our paper we have introduced a thermodynamic process (i.e; EPO) by which ρ → σ is possible but the reverse is not, which emphasizes that ρ is more resourceful than σ. We shall explicitly formulate a resource theory where the transformation is done only between the (EE) states (iii) and characterized completely by the majorization relation. Eventually entropy and ergotropy become monotones under EP O and only in the asymptotic limit they become equivalent. Maximum extractable work from a finite closed system ρ is given by W e (ρ) = E(ρ)−E(ρ p ) = F (ρ)−F (ρ p ) which is bounded by the W th (ρ) = F (ρ)−F (τ ρ β ). In the asymptotic limit, for the EE states ρ and σ, lower entropy is always a better resource for work extraction but for the finite copy if the majorization condition holds then only we can make the above claim.
Work extraction in the presence of bath:
Work extraction in the presence of a bath from a finite quantum system has been discussed in statistical as well as resource theoretical approach [3, 11, 12, 18] . Although in the asymptotic limit it becomes consistent with the classical results and is quantified by the free energy [2] , in the finite limit it becomes less and 0-free energy(α = 0) is the quantifier of single shot work extraction. Let us consider a state ρ with the corresponding bath of inverse temperature β = 1 kT . Bath particles having the Gibbsian form called thermal states are defined by τ β = e −βH B Z , with the governing Hamiltonian H B = i i | i i | and the corresponding partition function Z = i exp(−β i ). All other states are considered as athermal and in the asymptotic limit a more resourceful (in terms of free energy) to less resourceful state transformation is possible by the thermal operation . In the finite limit, many more free energies F α for 0 ≤ α ≤ ∞ are required to direct any state transformation, and among them W S (ρ ω ) = F 0 (ρ) − F 0 (τ β ) = 1 β D 0 (ρ ω τ β ) (depicted in the figure 2) quantifies the maximum extractable work deterministically (single shot work extraction), where ρ ω = E Π E ρΠ E is the dephased ρ in energy eigen basis, D 0 (ρ ω τ β ) := − log tr(Π ρω τ β ) where Π ρω is the the projector onto the support of ρ ω .
Energy Preserving Operation (EPO)
Recently energy preserving paradigm has been introduced in [29] , in the context of zero energy cost quantum operations, which we briefly discuss. Since the main aim is to preserve the energy of the system, we are not bound to the energy conserving unitaries only. Rather the system can interact with the environment through some interaction Hamiltonian H int (t) for t 1 ≤ t ≤ t 2 such that through out the process, energy remains constant. The system and the environment (governed by H E ) together evolve as a closed system under the corresponding unitary
Since we want to implement this process in the thermodynamic paradigm, energy of the closed joint system should be conserved i.e;
which in turn implies,
It means that although some external field is applied for making interaction between the system and the environment, total work done by the field is always zero. In our scenario [U, H S ] = 0 since the energy of the system has to be conserved. As a consequence of the joint (Eq.2) as well as system energy conservation, the energy of the environment remains unchanged i.e., [U, H E ] = 0. Let the system and environment be initially uncorrelated which under the energy conserving map evolves to
The Kraus operators M k 's have been shown [29] to commute with H S i.e;
which implies that they should be diagonal or Bloch diagonal in the energy basis.
Majorization relation
Definition:
where λ(ρ) ≡ {p ↓ i } ∈ R n and λ(σ) ≡ {q ↓ i } ∈ R n are the spectrum of ρ and σ respectively, arranged in non-increasing order. In case of different dimension some extra zeros are added for completion of the above condition. Majorization criterion has great implication in state transformation in various resource theories [10, 13, 15, ?] . If ρ σ then it implies that S(ρ) ≤ S(σ) (but not the reverse) and ρ → σ transition is possible under noisy evolution [10] .
Resource Theory of Ergotropy
In the basic structure of a resource theory, one typically considers free states and free operations. A state is called free if it cannot be transformed to a resource via any free operation of the theory. The free operations are those which cannot produce a more resourceful state from a given state. This also means that it takes free state to a free state only. In our resource theory, the class of free operations are nothing but the EPO. Since they are incoherent operations in energy eigenbasis, they would always map a diagonal state (in energy eigenbasis) to a diagonal state. So the first condition of a free state here is that it must be diagonal in energy eigenbasis. Given a quantum system with the Hilbert space H S and Hamiltonian H S , the allowed free operations are the completely positive and trace preserving (CPTP) maps Λ EP O :
The τ β S 's are the free states because it has been proved in Theorem (Appendix A) that
where τ β S 's are the constant energetic maximum entropic states associated with H S . In the special case of a non-degenerate two-level system an inverse temperature (β) can be assigned to any density matrix commuting with the Hamiltonian. In the case of EPO map the energy of the closed system (SE), system(S), and environment(E) are conserved which implies [
The states with β ≥ 0 are the Gibb's states (equilibrium) for which temperature (T ) is defined as a property of the system whereas β < 0 denotes population inversion states. Similar kind of description has been given in [2, 30] . Apart from global energy preservation, the system's energy also needs to be conserved which makes EPO a subclass of thermal operations (T O). Under T O, free energy of the system always decreases and the Gibbs state is free for being lowest free-energetic state at a given temperature T . So free energy is also a monotone under EPO since EP O ⊆ T O. As the EP O keeps the energy constant, monotonicity of free energy implies monotonicity of entropy. So under our resource theory, the space of free states has been extended from Gibb's states (0 ≤ β ≤ ∞) to all τ β (−∞ ≤ β ≤ ∞) since they are the lowest free-energetic (highest entropic) states.
By definition EPO is a unital map since it preserves identity operator i.e.
The state transformation under the unital map can be necessarily and sufficiently characterized by the majorization criterion [31] as, Searching for other monotones, it turns out that the energy of the corresponding passive states also increases under EP O (shown in Appendix B)
So ergotropy turns out to be an independent (of entropy) monotone under the free operation EP O. When the states cannot be transformed into each other under EP O or are incomparable under majorization, then a paradoxical situation arises where entropy is unable to provide the hierarchy on ergotropy unlike in the asymptotic limit, i.e., there exist higher entropic states having higher ergotropy. On the other hand, we have shown in Appendix E that at-least for the diagonal states, single shot work (under the assistance of arbitrary bath β) is a monotone under EP O i.e.,
It leads to the same conclusion as given Eq. (10) 
Although in standard thermodynamics, the state transformations are governed by a single free energy, in finite quantum systems it is done by a series of α-free energies [11] . Since we have considered the state transformations between EE states, the role of αfree energies is played by the α-Renyi entropies. In thermodynamics, the expansion of an ideal gas under an isothermal process produces some work due to the intake of heat from the environment. This causes the system to move towards the higher entropic states according to the second law of thermodynamics. However, in the finite quantum scenario, the system's entropy increases under EP O because although system and environment start in a product state, they become correlated though the interaction (depicted in figure 3 ). This observation once again shows us the strong connection between informational and thermodynamical entropy. Figure 3 . The system-environment together forms a closed system which is initially taken in product state and obey total energy conservation. Exchanging energy between them is not allowed and that constraints the system ρ to evolve under EP O only. The joint evolution under energy preserving unitary makes them (system-environment) correlated and that cost should be paid by the system ρ only since τ β is the free state containing zero resource. Eventually the system ρ transforms to σ which has higher entropy and lesser work content (ergotropy/single shot work etc.).
then E is said to be an entanglement measure for pure bipartite states if the function f satisfies the following two conditions [19] , (ii) Concavity: It must be concave
In this work we have shown (in Appendix C.2) that passive state energy satisfies the above criterion and acts as an entanglement monotone. This is just another entanglement monotone like entropy which is very much related with thermodynamics. Here entanglement of state ψ AB is defined as
where ρ p A is the passive state corresponding to ρ A = T r B {|ψ AB ψ|} governed by the Hamiltonian H A . For an arbitrary mixed state ρ AB = i p i |ψ i ψ i |, this measure is defined by the convex hull representation
Due to the monotonicity of passive state energy, deterministic state transformation ψ AB → φ AB under LOCC always implies E(ρ p A (ψ)) ≥ E(ρ p A (φ)). But it has an important implication in achieving the optimal rate in the finite copy non-deterministic state transformations. If ψ −→ φ transformation is possible with optimal probability p ψ→φ then for any entanglement measure, E(ψ) ≥ p ψ→φ E(φ) relation must be satisfied. So the optimal probability is always defined by the minimization over all possible kinds of entanglement measures
For a state having n number of Schmidt coefficients, one can sufficiently characterize optimal probability rate for state transformation under LOCC with n number of entanglement monotones. These monotones are defined as E k (ψ) = n i=k λ i , where λ i s are the Schmidt coefficients in decreasing order and the probability is given by,
.
Passive state energies are nothing but the function of Schmidt coefficients and they matches exactly with the E k 's under different system Hamiltonians. If the system governed by the Hamiltonian H k = Θ k−1 i=1 ⊕ I n i=k then the marginal passive state energy E(ρ p A ) would be equal with the E k . So passive state energy has a direct application in finding the optimal probability for finite copy state transformation under LOCC.
Passive state energy is not only a function of the spectrum but also of the energy eigenvalues. That is why its value varies with the Hamiltonian. Note that whenever we compare the entanglement between two different states, their Hamiltonians must be same. In case of comparing entanglement between states having different number (m > n) of copies, extra (|00 00|) ⊗(m−n) should be appended with the state such that marginals of both the states are governed by the same Hamiltonian, while keeping the spectrum unchanged.
Since the energy of a passive state is a non-additive quantity so is the corresponding entanglement measure. Suppose, ψ AB is a bipartite entangled state governed by the Hamiltonian H AB = H A ⊗I B +I A ⊗H B . Its entanglement is quantified by the marginal's passive state energy E 1 (ψ) = E(ρ p A ) = T r{ρ p A H A } (where the superscript 1 denotes the number of copies), whereas for multiple copies of ψ AB its value would not be additive. In general for (ψ AB ) ⊗2 where the marginal state is ρ A ⊗ ρ A governed by the Hamiltonian H AA = H A ⊗ I A + I A ⊗ H A , the entanglement of the state on an average is defined by
It is a strict inequality except for the case D(C 2 xC d ) or for some special degenerate Hamiltonian. In the asymptotic limit, passive states become the same entropic thermal states (τ β , β ≥ 0) and entanglement is defined by the regularized version of Eq. (14) as
It can be easily shown that energy of the thermal state τ β is related with its entropy in the following way
Since the thermal state and the marginal have same entropy then
Finite copy state transformation is not reversible (except for the LU invariant states) but in the asymptotic limit it is possible at least for the pure states. Let ψ ⊗m φ ⊗n by LOCC, then the amount of entanglement given by additive/non-additive measure would be same on both sides. Generally m and n are very large and their values are chosen such that the marginals((ρ ψ A ) ⊗m /(ρ φ A ) ⊗n ) have equivalent spectrum. If m > n, then to compare their entanglement we need to append (m − n) number of |00 AB states such that the spectrum of (ρ φ A ) ⊗n is unchanged and the Hamiltonians on both sides become same. As a consequence, their passive state energy or entanglement becomes equal i.e., E m (ψ) = E n (φ).
Physical interpretation of our measure
A measure becomes more relevant when a task can be associated with it. For example, entanglement of distillation [17] quantifies how many Bell states one can distill from the given entangled state in the asymptotic limit by LOCC, whereas entanglement of formation [32] quantifies the cost of creating the desired entangled state from the Bell state. Logarithmic negativity gives the upper bound on distillable entanglement [33] . Relative entropy is also a useful measure of entanglement which is a monotone under all non-entangling operations [34] .
Passive state energy as an entanglement measure has an important physical interpretation in the context of thermodynamics. Suppose Alice and Bob shared a pure entangled state. They can extract work from it individually or jointly via a unitary process. Since U A ⊗ U B ⊆ U AB , collaboration is always useful in work extraction and the extra advantage (ergotropic gap) is coming due to the entanglement between them [20] . Below we will show that the average ergotropic gap is equal to the passive state energy of the marginal.
For maximal work extraction from a closed system via a unitary, the system should reach to the same spectral but minimum energetic state (passive state). Maximum extractable work obtained locally by Alice and Bob is defined by (20) where ρ A = T r B (|ψ AB ψ|) and ρ B = T r A (|ψ AB ψ|) are the marginals of Alice and Bob respectively while |ψ AB is the pure entangled state shared between them.
From |ψ AB one can reach |00 AB to extract maximum global work W e (AB) = Tr(|ψ AB ψ|H AB )
where |00 AB is the zero energetic eigenstate of H AB . So the ergotropic gap in general is defined as
Since the shared state is pure entangled, the marginals have same spectrum and if their Hamiltonians are given by
then their passive state energy should be equal i.e.
Since the passive state energy quantifies the average work gain in collaboration, we would call it a thermodynamic measure of entanglement. Alternatively, ergotropic gap can be considered as an entanglement measure since it is proportional to the passive state energy. For the mixed state thermodynamic measure of entanglement is given by Eq. [15] . However unlike the pure case it is not equivalent to the ergotropic gap or passive state energy of the given mixed state. Their exist classically correlated states whose ergotropic gap is non zero.
Faithfulness and Monogamous
An entanglement measure is called faithful if and only if its value becomes zero for all separable states, i.e., E(ρ AB ) = 0 if f ρ AB ∈ SEP.
Entanglement of formation and negativity are example of this kind. Monogamy is a fundamental property of quantum states just like no cloning, superposition etc. In the classical regime, party A can be maximally correlated with parties B and C simultaneously, which is not allowed in the quantum domain due to its inherent mathematical structure. If two parties share a pure entangled state then any third party would be completely uncorrelated with them. Generally if we consider a threeparty entangled state ρ ABC , then the sum of entanglements A vs. B and A vs. C is always upper bounded by the entanglement of A vs. BC. If an entanglement measure shows this trait then it is said to be monogamous
where E(ρ X|Y ) quantifies the entanglement of X vs. Y . For example entanglement of distillation and squashed entanglement [35] are monogamous measures.
Winter et.al. have defined monogamy in a more general way and shown that a measure cannot be faithful and monogamous simultaneously [22] . An entanglement measure E is called monogamous if there exists a nontrivial function f : R ≥0 ×R ≥0 → R ≥0 such that the generalized monogamy relation
is satisfied for any state ρ ABC ∈ D(H A ⊗H B ⊗H C ). According to this definition, not only our thermodynamic measure, but also many other important measures like Concurrence loose their generalized monogamy (Eq.25) since they are faithful. It is however wellknown that concurrence does not follow Eq.(24) but its square follows this for 2 × 2 × 2 systems [36] . A physically motivated but weaker monogamous criterion has been given in [37, 38, 39] which states that an entanglement measure E is monogamous if for any
then E(ρ A|C ) = 0. The above definition led to a more quantitative relation which is similar to Eq. (24) . Let E be a continuous measure of entanglement. Then, E is monogamous according to Eq. (26) if and only if there exist 0 < γ < ∞ such that For mixed states our thermodynamic measure is represented by convex hull given by Eq. (15) where minimization is over all pure state decompositions of the given state. Finding analytical solution is not easy even for lower dimension. But one can obtain some numerical estimate for the value of γ by semi definite programming. However since this is not the focus of the present paper, we leave it as an open problem for the future. But for curiosity we investigate what kind of relation exists for arbitrary dimensional multipartite systems if we take γ = 1.
Let |ψ ABC be a three qubit entangled state where each qubit is governed by the Hamiltonian H i = |1 1|. Then its entanglement in any bi-partite cut is given by
Note that on the R.H.S. ∆ EG X|Y (ρ XY ) is not an entanglement measure but rather just the ergotropic gap of system ρ XY . It also tells us that for fixed entanglement between A|BC, there always exists a trade off in ergotropic gap for the system AB and AC. In the extreme case, if the joint state for any pair (e.g. AC) is passive then the presence of C is not necessary to get the collaborative advantage. For the GHZ class this feature can never be seen since all bipartite marginals have non zero ergotropic gap. But there exists W class for which only one of the bipartite marginals can be passive. For example the state
has bipartite marginals
where
Here if any one of the λ i is greater or equal to 1 2 then there would exist one passive state and the corresponding ergotropic gap would be zero. Suppose λ 2 ≥ 1 2 then ∆ EG A|C (ρ AC ) = 0 and according to Eq.(28) entanglement between A|BC would be equal to the ergotropic gap of AB i.e., ∆ A|BC EG (ψ) = ∆ EG (ρ AB ). We have discussed above a particularly simple system but Eq.(28) can be generalized for arbitrary dimensional tripartite pure systems, where it can be easily proved that entanglement between any bipartite cut is upper bounded by the sum of ergotropic gap of those individuals as shown in the Appendix D.
Three qubit state classification
We know that for the three qubit pure state, there exist six classes (under SLOCC) among which two are genuinely entangled, three are bi-separable and one is product [40] . Except the genuine classes, distinction among all the rest can be made via local entropies. These two classes namely GHZ and W can be distinguished by a measure called tangle which gives non zero value only for the former [36] . We shall approach this classification from the thermodynamic perspective. Since the ergotropic gap is a good measure for bipartite pure entangled states, it can shed some light on the above problem. We have considered the GHZ, W and bi-separable states of the following kind
In the table below, we make the distinction among various classes using ergotropic gap between one party vs. the rest (∆ EG X|Y Z ), calculated via Eq. (22) .
Note that as expected, our thermodynamic measure gives equal value for all bipartite cuts of the given GHZ class since they have equal entanglement. On the other hand, for the W class (except λ 1 = λ 2 = λ 3 = 1 3 ) all bipartite cuts give different values. For this state it gives the same value as the GHZ state |ψ GHZ = 2 3 |ψ 1 |ψ 2 |ψ 3 + 1 3 |ψ 1 ⊥ |ψ 2 ⊥ |ψ 3 ⊥ and hence they cannot be distinguished. One way to facilitate the distinction is to first dephase them in their own basis and then calculate the extractable work difference between the global and individual local states. The dephased W and GHZ states are of the following form
and the work difference is defined by
. For the dephased W state this value is ∆ EG A|B|C (ρ w ) = 1 3 where as for the dephased GHZ state, ∆ EG A|B|C (ρ ghz ) = 2 3 . The above analysis can be extended to distinguish the GHZ and Dicke class of states (generalization of Eq.(31)) in the multipartite setting.
Conclusion
In this article, it has been elaborately shown that for the finite EE quantum states, ordering between them on the basis of extractable work is completely independent with the order on entropy. To illustrate this, a resource theoretic framework is employed, where EP O has been taken as the free operation. If a state is convertible to another state by the free operation, then entropy and extractable work become equivalent like in the asymptotic limit. Here majorization naturally turns out to be the necessary and sufficient criterion for the convertibility (one way) between two states under EP O. Due to majorization criterion, entropy, ergotropy, single shot work under bath all become independent monotones of EP O. This also means that violation of this criterion make two states incomparable under EP O, thereby rendering the ordering of work and entropy completely independent. When a system moves under EP O, it's entropy (work content) eventually increases (decreases) because of the correlations that build up with the external environment. The additional constraint of conservation of system energy makes our resource theory a special case of resource theory of athermality. If we consider degenerate Hamiltonian, our resource theory leads to the resource theory of purity. That's why just like the α free energies, here Renyi entropies characterize infinite second laws.
In the second part, we have shown that passive state energy is a good entanglement measure for the pure bi-partite states since it is a concave function and invariant under unitary. It is non additive, a feature that makes it possible to generate Vidal's monotones which characterizes the optimal rate on entangled state transformation under LOCC. The passive state energy characterizes the ergotropic gap for the pure entangled states which makes it a thermodynamic measure of entanglement independent of entropy. Since it is proportional with the ergotropic gap, one can give it the same status. We further generalized this measure for the bipartite mixed states via the convex hull extension. Due to faithfulness, it loses it's monogamous nature and for what value of γ it shows dimension dependent monogamy is left as an open problem. For the special case γ = 1, the entanglement between any cut is bounded by the sum of the ergotropic gap of corresponding individuals for pure tripartite states. We have further shown that just like entropy, the ergotropic gap can be useful to distinguish the three qubit pure entangled states of special kinds.
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Appendix B. Passive state energy is a monotonic function under EPO
We need to show that passive state energy of a given system increases as it evolves under EP O. Since the EP O is necessarily and sufficiently characterized by the majorization criterion, we need to prove that
Let state ρ ≡ (p 1 , p 2 , · · · , p n ) and σ ≡ (q 1 , q 2 , · · · , q n ) have spectrum in nonincreasing order and extra zeros are appended to make the dimensions equal. They are governed by the same marginal Hamiltonian H = i i |i i|, i ≤ i+1 . The corresponding passive energy is E(ρ p ) = i p i i and E(σ p ) = i q i i , and their difference is
, which is nothing but the ρ σ criterion, then E(ρ p ) ≤ E(σ p ).
Appendix C. Passive state
Schur-Horn theorem: Let d = {d i } N i=1 and λ = {λ i } N i=1 be vectors in R N such that their entries are in non-increasing order. There is a Hermitian matrix with diagonal values
Work extraction from a closed system ρ by a unitary operation does not change its spectrum. In the maximum work extraction, the system moves to the lowest energetic state which is called passive state defined by ρ p . With the help of Schur-Horn theorem it can be shown that the pasive state is diagonal in energy basis.
Let ρ has the spectrum λ ≡ {λ i } N i=1 (arranged in non-increasing order), transform to the arbitrary state σ = U ρU † having diagonal element q ≡ {q i } N i=1 (arranged in the non-increasing order) . Passive state ρ p = Since the spectrum remains invariant under the unitary action, the respective passive state an its energy would be unique.
Here we first define Vidal's entanglement monotones {E k } n k=1 = n i=k p i where p i 's are the Schmidt number of bi-partite state |ψ AB ∈ C n ×C m (n ≤ m) [16] . Consider that the state ρ A ≡ (p 1 , p 2 , · · · , p n ), which is a marginal of |ψ AB , majorizes σ A ≡ (q 1 , q 2 , · · · , q n ), marginal of |φ AB i.e., (ρ A σ A ) which implies E k (ρ A ) ≤ E k (σ A ) for all k ∈ [1, n]. It follows that E k 's are the Schur concave functions i.e.,
where τ = λτ 1 + (1 − λ)τ 2 , τ = {t i } n i=1 , τ 1 = {r i } n i=1 and τ 2 = {s i } n i=1 . 
It shows that passive state energy is a concave function and hence acts as an entanglement measure. The above concavity proof also follows straight forwardly from Appendix B but here we tried to show a connection between passive state energy and Vidal's monotones E k 's.
For a tripartite pure state |ψ ABC , spectrum of any bipartite cut is always equal i.e., λ(ρ A ) = λ(ρ BC ). If we consider the equal marginal Hamiltonian H = i i|i i| for every party, then their corresponding passive state energy would follow the order
where the equality would hold for the 2 × 2 × 2 systems only. Ergotropic gap of a bi-partite system ρ XY is given by
where E(ρ p XY ) = 0 if ρ XY becomes pure.
For pure tripartite systems, according to Eq. (22) , entanglement between A|BC is given by ∆ A|BC EG (ψ) = T r(ρ p A H A ) + T r(ρ p B H B ) which is not true for the mixed state. Now,
Appendix E. D α (ρ τ β ) for all α ∈ [0, ∞] are monotones under EPO
Here we have shown that D α (ρ τ β ) are monotones under EPO for all the diagonal states. Let the spectrum of the given state be p ≡ {p i } n i=1 which is a probability vector in R n .
